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The scale invariant scalar and tensor perturbations, which are predicted from inflation, are eigen-
modes in the conformal coordinates. The ’out’ observer in the de Sitter space observes a thermal
spectrum with a Gibbons-Hawking temperature H/2π of these ’Bunch-Davies’ particles. The ten-
sor power spectrum observed in experiments can have an imprint of the Gibbons-Hawking thermal
distribution due to the mode mixing between ’in’ state conformal coordinates and the coordinate
frame of the observer. We find that the the Bunch-Davies modes appear as thermal modes to the
asymptotic Minkowski observer in the future and the power spectrum of the gravitational waves
is blue-tilted with a spectral index nT ∼ 1 even in the standard slow-roll inflation. On the other
hand if the coordinate frame of the observer is taken to be static coordinates, the tensor spectrum
is red-tilted with nT ∼ −1. A likelihood analysis shows and find the best fit values of the slow-
roll parameters for both cases. We find that the blue-tilted tensor gives a better fit and reconciles
the PLANCK upper bound on the tensor-to-scalar ratio, r < 0.11 with BICEP2 measurement of
r = 0.2. This supports the idea of particle production due to the mode mixing between the initial
Bunch-Davies vacuum modes and the asymptotic Minkowski vacuum of the post-inflation universe.
1. INTRODUCTION
The prediction of a scale invariant scalar and tensor
perturbations [1, 2] from inflation [3] rest on the assump-
tion of a Bunch-Davies initial state in conformal coordi-
nates of de Sitter space [4]. An observer in a different
coordinate system, for instance an inertial observer in
the static coordinates, will see the same perturbations
as a thermal distribution with a Gibbons-Hawking tem-
perature T = H/2π [5] due to mode-mixing between the
Bunch-Davies modes and eigenmodes of the static coor-
dinates [6–13] . Another way by which the scale invariant
perturbations produced during inflation can appear as a
thermal distribution is when one considers the mode mix-
ing due to the change in observer between the conformal
observer during inflation and the asymptotic Minkowski
observer in future which measure the perturbations [14–
16]. Variations of the standard Bunch-Davies state can
be of phenomenological interest as a way of reconciling
the large value of the tensor-to-scalar ratio implied by
the B-mode polarization measurement by the BICEP2
collaboration with the lower upper bound established by
PLANCK from the temperature anisotropy [17].
The BICEP2 collaboration [18] reported a tensor-to-
scalar ratio r = 0.2+0.07−0.05 by the measurement of the
B-mode polarization [19], which is in apparent contra-
diction with the upper bound r < 0.11 (at 95% CL)
placed by PLANCK [20] from the measurement of the
TT spectrum. There is no direct contradiction between
these two measurements as BICEP2 is most sensitive
at l ∼ 150 corresponding to a hub of k = 0.01Mpc−1
while the PLANCK 2013 measurement uses the hub
k = 0.002Mpc−1 which corresponds to l ∼ 30. However
explaining the two measurements in a model of inflation
would require (1) a blue tilted tensor spectrum with spec-
tral index nT ∼ 1 [21–23] or (2) a running of the scalar
spectrum d lnns/d ln k = −0.02 [20]. Either of the pos-
sible ways to explain the PLANCK-2013 and BICEP2
data simultaneously would require going beyond the sin-
gle field inflation with Bunch-Davies initial state. Sub-
sequently the dust popularization measurement reported
by PLANCK-2014 [24] has diminished the statistical sig-
nificance of the BICEP2 measurement but not ruled it
out [25]. There is a possibility that the measurement
of the B-mode polarization in other experiments (like
KECK, SPTpol etc ) may result in a value of the tensor-
to-scalar ratio which still calls for a non-standard inter-
pretation of the inflationary power spectrum to evade the
standard consistency relation nT = r/8 of the standard
single field inflation.
In this paper we show that if we assume a mode mix-
ing between the Bunch-Davies initial vacuum and the
post-inflation final vacuum and the Bogoliubov coeffi-
cients α and β of the mode-mixing is of the thermal
form |β|2 = 1
eβω−1 with the Gibbons-Hawking tempera-
ture T = β−1 = H/2π, then the spectral index of tensor
modes will be blue-tilted with nT = 1− 2ǫ. On the other
hand if we assume that the ’out’ observer is the one with
the static coordinates, then the Bogoliubov coefficients
again give the same thermal distribution with identical
|β|2, however, the spectral index in this case is red-tilted
nT = −1−2ǫ. The difference in the spectral tilt between
the two cases is due to the fact that when we transform
the initial state from the conformal to static coordinates
we have αβ∗ < 0 while the transformation between the
conformal coordinates and the asymptotic Minkowski co-
ordinates of the late time observer gives αβ∗ > 0. The
difference in sign of αβ∗ with the same |β|2 results in
a different spectral tilt. In order to avoid the success-
ful prediction of the scale invariant scalar power spec-
trum, we will assume that the slow roll parameter η of
the scalar potential is negative so that the scalar modes
are tachyonic and the Hawking radiation of scalar modes
is suppressed [26].
We do a likelihood analysis for the values of the
tensor-to-scalar ratio for the case of red and blue tilted
2spectra and determine the slow roll parameters of the
model which would be reconcile the B-mode and TT
anisotropy data. We conclude that mode mixing between
the Bunch-Davies vacuum and the vacuum state of the
observer, may resolve the tension between the PLANCK-
2013 bound and BICEP2 measurement and the accurate
experimental measurement of the spectral index can de-
termine the nature of the initial state of the inflation
generated perturbations.
2. BOGOLIUBOV TRANSFORMATION OF
BUNCH-DAVIES VACUUM
We can express the tensor perturbations h(x, t) as a
quantum field in terms of the mode functions φin k (which
satisfies the minimally coupled Klein-Gordon equation)
as
h(x, t) =
√
2
Mp
∫
[dk] (ak φin k + a
†
k φ
⋆
in k), (1)
where a†k (ak) are the creation (annihilation) operators
of the ’particles’ in the conformal vacuum, also called the
Bunch-Davies vacuum, which we will denote by |0in〉 and
which is defined by ak|0in〉 = 0. Eqn. (1) is written in
terms of the spherical polar coordinates.
The Bunch-Davies vacuum is defined in conformal co-
ordinates (η, ρ, θ, φ) with the line element
ds2 =
1
H2η2
(
dη2 − dρ2 − ρ2dΩ2)
η ∈ (−∞, 0), ρ ∈ (0,∞). (2)
The mode functions φin k are solutions of the Klein-
Gordon equation in the conformal coordinates,
∂2φin k
∂η2
− 2
η
∂φin k
∂η
−∇ρ2φin k = 0. (3)
This equation has the exact solution
φin k(η, ρ, θ, φ) =
iH√
2k3
e−ikη (1 + ikη) jl(kη)
Yl,m(θ, φ)√
4π
.
(4)
The zero-point fluctuations during inflation are assumed
to be eigenmodes of the KG equations in conformal co-
ordinates, as the mode functions (4) in the high k limit
have the same form φin k ∼ 1√2k e−i(kη−k·x) as positive
frequency modes in Minkowski space.
The scalar field is quantized in terms of the creation
and annihilation operators of the φout k quantum modes
which are the elementary excitations in the different co-
ordinate system dependent on the observer,
h(x, t) =
∫
[dω] (bω φout ω + b
†
ω φ
⋆
out ω). (5)
Here b†ω and bω are the creation and annihilation opera-
tors acting on a different vacuum |oout〉. The two sets of
modes φin k and φout ω can be linearly related in terms of
Bogoliubov coefficients (αωk, βωk) as
φout ω ≡
∫
[dk] (αωkφin k + βωkφ
⋆
in k)
φin k ≡
∫
[dω] (α⋆ωk φout ω − βωk φ⋆out ω) (6)
The relation (1) in terms of cartesian coordinates
(η, x, y, z) can be written as
h(x, η) =
√
2
Mp
∫
d3k
(2π)3/2
h(k, η)eik·x
=
√
2
Mp
∫
d3k
(2π)3/2
(
akφin k + a
†
−kφ
⋆
in k
)
eik·x.
(7)
The power spectrum of tensor perturbation is given
in terms of two-point correlation function of the field
h(x, η), which in the out-vacuum |0out〉 can be obtained
as
〈0out|h(x, η)h(y, η)|0out〉
=
2
MP
2
∫
d3kd3k′
(2π)3
〈0out|h(k, η)h(k′, η)|0out〉ei(k·x+k
′·y).
(8)
To compute the two-point correlation function
〈0out|h(k, η)h(k′, η)|0out〉 we will again use the spherical
coordinates (η, r, θ, φ). Now we can express the creation
and annihilation operators of the in-vacuum ak, a
†
k in
terms of the creation and annihilation operators of the
out-vacuum bω, b
†
ω using Eqn. (6) as
ak =
∫
[dω]
(
αωk bω + β
⋆
ωk b
†
ω
)
a†k =
∫
[dω]
(
βωk bω + α
⋆
ωk b
†
ω
)
. (9)
So we obtain
〈0out|h(k, η)h(k′, η)|0out〉
= δ (k − k′)
∫
[dω][dω′]
[
(αωkα
⋆
ω′k + βωkβ
⋆
ωk) |φin k|2
+
(
αωkβ
⋆
ω′k(φin k)
2
)
+
(
α⋆ωkβω′k(φ
⋆
in k)
2
)]
.
(10)
Now for the choices of out-vacua we consider in the next
sections, αω,k and βω,k are diagonal in ω and the fre-
quency ω of the out-vacuum corresponds to ka so the inte-
grals in above expressions can be done by using δ(ω− ka ).
Now using the temporal part of φin k given be Eqn. (4)
φin k =
iH√
2k3
(1 + ikη) e−ikη, (11)
3we get for the super-horizon (kη ≪ 1) perturbations
〈0out|h(k, η)h(k′, η)|0out〉
= δ (k − k′) H
2
k3M2p
[|αωk|2 + |βωk|2 + 2Re (αωkβ⋆ωk)] .
(12)
Now the tensor power spectrum is defined as
4× k
3
2π2
〈0out|h(k, η)h(k′, η)|0out〉 = δ (k − k′)PT (k).
(13)
So
PT =
8
M2P
(
H
2π
)2(
k
aH
)−2ǫ[|αωk|2 + |βωk|2
+ 2Re (αωkβ
⋆
ωk)] . (14)
3. TENSOR POWER SPECTRUM MEASURED
FOR THE STATIC OBSERVER
The coordinate system which describes the the static
observer in de Sitter space with coordinate (t, r, θ, φ) and
the metric given by
ds2 = (1− r2H2)dt2 − 1
(1 − r2H2)dr
2 − r2dΩ2
t ∈ (−∞,∞), r ∈ (0, H−1) . (15)
The time evolution of the quantum state with respect to
an observer located at r = 0 is determined by a Hamilto-
nian operator defined by the time-like Killing vector ∂t.
The static coordinate system has a coordinate singularity
at r = H−1 which is the event horizon for the observer
at r = 0.
The two coordinate systems overlap in the region η ∈
(−∞, 0) and can be related as
η = − 1
H (1−H2r2) 12
e−Ht,
ρ = −rη. (16)
We consider first the two-dimensional spacetime to ob-
tain the Bogoliubov coefficients for an static observer.
We will also set H = 1 to make the notation simple and
at the end of the calculation we will restore H by sub-
stituting (r, t)→ (Hr,Ht) and k → kH . The metric (15)
for two-dimensional static coordinates becomes
ds2 = (1 − r2H2)dt2 − 1
(1− r2H2)dr
2
t ∈ (−∞,∞), r ∈ (−H−1, H−1) . (17)
The solution of Klein-Gordon eqn. φ = 0 in this coor-
dinate system is given as
φout ω(t, r) =
1√
2ω
e−iωt
[
1 + r
1− r
] iω
2
, (18)
and the solution of the KG eqn. (3) in sub-Hubble limit
in two-dimension is given as
φin k(η, ρ) =
1√
2k
e−ik(η−ρ). (19)
Now the Bogoliubov coefficients defined in Eqn. (6) can
be obtained by Klein-Gordon inner product [27]
αω,k = 〈φout ωφin k〉
βω,k = −〈φout ωφ⋆in k〉. (20)
Here the Klein-Gordon inner product is defined as
〈φout ωφin k〉 = −i
∫
t
dr
√−gg0νφout ω←→∂ν φ⋆in k. (21)
Now using the metric (17) and integrating over the con-
stant time hypersurface we can obtain αω,k as
αω,k = −i
∫ 1
−1
dr
1− r2
(
φout ω
←→
∂0 φ
⋆
in k
)
(22)
The Bunch-Davies mode φin k can be expressed in terms
of the static coordinates r, t using the transformations
(16) as
φin k =
1√
2k
eik[
1+r
1−r ]
1
2 e−t (23)
Now using the modes (23) and (18) and evaluating the
integral (22) at t = 0 hypersurface we get
αω,k =
1
2
√
ωk
∫ 1
−1
dr
1− r2
[
k
(
1 + r
1− r
) 1+iω
2
e−ik(
1+r
1−r )
1/2
+ ω
(
1 + r
1− r
) iω
2
e−ik(
1+r
1−r )
1/2
]
(24)
Now changing variable to z =
(
1+r
1−r
)1/2
the above inte-
gral becomes
αω,k =
1
2
√
ωk
∫ ∞
0
dz
(
kziω + ωziω−1
)
e−ikz . (25)
This integral can be solved using the Γ functions and
finally we get
αω,k =
√(ω
k
)
k−iωe
piω
2 Γ(iω). (26)
Similarly we obtain the another coefficient βω,k using the
inner product (20) as
βω,k = −
√(ω
k
)
k−iωe−
piω
2 Γ(iω) (27)
Now in four-dimension to solve the Klein-Gordon equa-
tion for the modes of static observer φout ω we separate
wave function in the (t, r, θ, φ) coordinates
φout ω =
f(r)
r
Yl,m(θ, φ)e
−iωt. (28)
4The equation for radial wave function can be written
in a simple form
d2
dr2∗
f(r)+(1−r2)
(
l(l+ 1)
r2
− 2
)
f(r)+k2f(r) = 0, (29)
in terms of the tortoise coordinates
r∗ ≡
∫
dr
(1− r2) =
1
2
ln
(
1 + r
1− r
)
. (30)
The radial equation can be solved exactly in terms of
Hypergeometric functions that can be written in terms
of Legendre functions of second kind and the solution is
φout ω(t, r, θ, φ) =
1√
2ω
e−iωtQiωl
[
1
r
]
Ylm(θ, φ). (31)
The sub-Hubble limit of the Bunch-Davies mode func-
tions (4) is given as
φin k = − 1√
2k
ηe−ikηjl(kη)Ylm(θ, φ). (32)
It can be shown (see [7]) that the Bogoliubov coeffi-
cients for l = 0 in four-dimensions are same as for two-
dimensions except normalization factors. So we can write
the Bogoliubov transformations for l = 0 case in four-
dimensions as
αω,k = Nk
−iωe
piω
2 Γ(iω),
βω,k = −Nk−iωe−piω2 Γ(iω). (33)
HereN is normalization constant. Putting back k = k/H
and ω = ω/H , using the identity
|Γ(iω)|2 = π
ω sinh(πω)
(34)
and the normalization condition for Bogoliubov coeffi-
cients ∫
[dk] (αωkα
⋆
ω′k − βωkβ⋆ω′k) = δ(ω − ω′), (35)
we obtain the expressions for αωk and βωk from
Eqn. (33) as
|αωk|2 = e
βω
eβω − 1
|βωk|2 = 1
eβω − 1
αωkβ
⋆
ωk = −
e
βω
2
eβω − 1 , (36)
where
β =
2π
H
. (37)
Using αωk and βωk given by (36) in two-point function
(12) the tensor power spectrum can be expressed as
PT =
8
M2P
(
H
2π
)2(
k
aH
)−2ǫ [
(e
pik
aH + 1)2
(e
2pik
aH − 1)
]
≃ 8
M2P
(
H
2π
)2(
k
aH
)−2ǫ [
2
π
(
aH
k
)]
for k ≪ aH,
(38)
which is a red-tilted spectrum for the tensor modes with
spectral index nT = −1− 2ǫ.
4. PARTICLE PRODUCTION IN LATE
UNIVERSE
The post inflation universe at the time when all the
modes are sufficiently sub-horizon, the modes can be con-
sidered as plane waves in Minkowski space,
φout ω = Ae
−iωt, (39)
while the Bunch-Davies modes (11) in the sub-horizon
limit is
φin k =
1
a
1√
2k
e−ikη
= B e−t eike
−t
. (40)
Using Bogoliubov transformations (6) we get
φin k = A
∫ ∞
0
dω
(
α⋆ω,ke
−iωt − βω,keiωt
)
= A
∫ ∞
−∞
dωf(ω, k)e−iωt. (41)
So
α⋆ω,k = f(ω, k), βω,k = −f(−ω, k). (42)
So the Bogoliubov coefficients for these ’in’ and ’out’
states can be obtained by doing inverse Fourier Trans-
forms as
α∗ω,k =
1
A
∫ ∞
−∞
φin(k)e
iωtdt
=
B
A
∫ ∞
−∞
e−t eike
−t
eiωtdt. (43)
By substituting e−t = z the integral reduces to
α∗ω,k =
B
A
∫ ∞
0
z−iωeikzdz
=
B
A
ω
k
k−iωeπω/2Γ(−iω). (44)
Similarly
βω,k = − 1
A
∫ ∞
−∞
φin(k)e
−iωtdt
=
ω
k
k−iωeπω/2Γ(−iω) (45)
5Normalizing αωk and βωk we obtain
|αωk|2 = e
βω
eβω − 1 (46)
|βωk|2 = 1
eβω − 1 (47)
αωkβ
⋆
ωk =
e
βω
2
eβω − 1 , (48)
where again β = 2πH , which is the Hawking-Gibbon tem-
perature of the de Sitter space.. Using αωk and βωk given
by (48) in two-point function (12) the tensor power spec-
trum can be expressed as
PT =
8
M2P
(
H
2π
)2 (
k
aH
)−2ǫ [
(e
pik
aH − 1)2
(e
2pik
aH − 1)
]
≃ 8
M2P
(
H
2π
)2 (
k
aH
)−2ǫ [
π
2
(
k
aH
)]
for k ≪ aH,
(49)
which is a blue-tilted spectrum for the tensor modes with
nT = 1− 2ǫ.
5. BEST FIT VALUES OF R FOR RED AND
BLUE TILTED TENSOR SPECTRUM
We use the power spectra (38) and (49) to compute
the angular power spectra for B-mode polarization using
CAMB [28]. We have taken the best-fit values of the
parameters (Ωbh
2, H0, Ωch
2, τ , As and ns) given by
PLANCK [? ] for the base ΛCDM model. The scalar
amplitude As and the scalar spectral index are taken at
the pivot scale k = 0.05Mpc-1. We have also taken into
account the lensed B-modes generated from E-modes.
B-modes due to the modified and the standard power
spectra, along with BICEP2 data and WMAP bounds
are shown in Fig. 1. The value of tensor-to-scalar ratio
r is taken at the pivot scale k = 0.002Mpc-1. We see
that with nT ≃ 1 the BICEP2 data is in agreement with
a low value of r = 0.04 consistent with the PLANCK’s
upper bound. In Fig. 1 we have also shown the standard
power spectra (taking nT ≃ 0) with r = 0.2 and r =
0.11 for comparison. We see that in the standard power
spectrum, the PLANCK upper bound r = 0.11 is not in
agreement with the BICEP2 data.
The tensor power also contributes to the temperature
anisotropy. In Fig. 2 we show the TT anisotropy with the
modified and the standard power spectra. As expected
the nT = 1, r = 0.04 power spectrum gives the lowest
contribution to temperature anisotropy. With the tem-
perature anisotropy the red-tilted power spectrum (38)
is ruled out.
In Fig.3 we plot the likelihood for the tensor-to-scalar
ratio r using the modified power spectra (49) and (38)
for the BICEP2 data. The best fit value of tensor-to-
scalar ratio r, the corresponding maximum likelihood
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FIG. 1: B-modes from modified as well as standard power
spectrum with BICEP2 data and WMAP bounds
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FIG. 2: TT power spectrum with modified as well as standard
tensor power spectrum with PLANCK data
(lnL) and the slow-roll parameters for both blue-tilted
and red-tilted spectra are given in table I.
As displayed in Table. I the maximum likelihood is at
r = 0.042 for the blue-tilted power spectrum and r = 0.95
for the red-tilted power spectrum. The value of lnL is
highest for the blue-tilted power spectrum, which shows
that the blue-tilted tensor power spectrum is a better
fit to BICEP2 data compared to the red-tilted and scale
invariant power spectra.
For the maximum likelihood value of r0.002 = 0.042
from a blue tilted spectrum, the slow-roll parameter ǫ =
0.002. From the scalar spectral index ns = 1− 6ǫ+2η =
0.9619 we have η ∼ −0.014.
On the other hand the maximum likelihood value of
r0.002 = 0.95 from a red tilted spectrum, the slow-roll
parameter ǫ = 0.093. From the scalar spectral index
ns = 1− 6ǫ+ 2η = 0.9619 we have η ∼ 0.2607.
The accurate determination of the tensor spectrum in
future experimental measurements of the B-model will
determine the parameters of the inflation model and help
6nT r lnL ǫ η
1 0.042 -2.6390 0.002 -0.014
0 0.215 -3.6830 0.013 0.019
-1 0.95 -4.7223 0.093 0.2607
TABLE I: Best fit tensor-to-scalar ratio and Maximum Likelihood for blue and red-tilted tensor power spectra using BICEP2
data.
in picking out the correct model of inflation.
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FIG. 3: Likelihood for tensor-to-scalar ratio with modified
power spectra (49) (Fig. 3(a)), (38) (Fig. 3(b)). The maxi-
mum likelihood is at r = 0.042 for blue-tilted and r = 0.95
for red-tilted power spectrum.
6. CONCLUSION
The combined data from B-mode measurement by BI-
CEP2 [18] with the temperature anisotropy measurement
from PLANK-2013 [20] implies that the slow roll infla-
tion consistency relation nT ∼ r/8 is violated. It is
well known that assuming a different initial state com-
pared to the Bunch-Davies one can modify the relation
between the slow-roll ǫ parameter derived from the poten-
tial and the observed tensor spectral index nT [17, 29].
In this paper we examine the modification to the ten-
sor spectrum due to mode mixing between a Bunch-
Davies ’in’ vacuum and the ’out’ vacuum of the (a) static
coordinate observer and (b) the post inflation asymp-
totic Minkowski observer. Both the scenarios result in a
Gibbons-Hawking thermal distribution as observed w.r.t
the ’out’ vacuum. The relative phases of the Bogoliubov
coefficients are different in the two cases and these lead
to quite different predictions for the tensor spectral in-
dex. The combined BICEP2 and PLANCK-2013 data
gives a better fit for a blue-tilted tensor spectrum which
supports the post-inflation particle production scenario.
The Hawking-Gibbons temperature unlike temperature
of perturbation form a possible pre-inflation radiation era
does not go down exponentially during the course of in-
flation so the effect is not diluted after a few e-foldings
[30, 31]. Measurements of the B-mode in future experi-
ments may give a signature of the Gibbons-Hawking tem-
perature.
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